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INTRODUCTION

1. This paper gives a method for approximating the mean of a
chi-squared (x?) distribution as well as an offset constant and a
multiplicative constant to be applied to variates from that
distribution. They must be estimated from the given values of a
median, a lower decile and an upper decile.

2. The origin of the problem 1is in OTHR modelling, where day
to day variations for the ‘best’ frequency arec approximated by a
statistical distribution, after explainable elements have been
removed. In addition the distribution reverses its skewness under
certain circumstances. the mndel accuracy 1is wuncertain, and
variability in observed results is high. Consequently accurate
parameter assessment is seen as unnecessary.

3. Data for parameter estimation come from the OTHR modelling
process and long term observations. That is, the physics involved
have been used to produce a model describing the way in which the
median maximum useable frequency (MUF) should vary. Observations of
the actual MUF on a day to day basis have suggested that the x?
distribution suitably transformed describes actual frequency
variations about the frequencies predicted by the model. Figure 1
illustrates how the median might vary on a day to day basis, and how
qg, actual frequencies might vary about this line.

4. The lower bound of the x? distribution is zero, and its
mean describes the extent to which it 1is skewed. To give a better
fit to the data it is possible to multiply by a constant, thus
preserving the skewness, but allowing variation in the mean.
Another factor that can be introduced to improve the fit is an
additive constant. This allows the data to tail off at some value
other than 0. Both of these elements have been introduced in the
modelling process.

S. As stated above, the rphysics modelling process produces a
median MUF (rather than a mean). From this figure, estimates of the
highest and lowest deciles are produced simply by applying
multiplicative constants to the median. The constants have values
that depend on time of day, year and sunspot cycle.
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NOTATIONS AND DEFINITIONS

F Frequency.

F, Frequency deciles. 1In particular i=1, 5, 9.
X(M) Variate from a x* distribution mean M.

b Decile values of X(M).

e Constants associated with x, .

c,d Constants.

A,B Constants.

METHODOLOGY AND- RESULTS

6. In accordance with Reference 1 the following relationship
is assumed:

F=A + B.X(M) (1)
7. The problem is to estimate A, 5, and M from F,, F,, and F,
with a minimum of effort and at a 1level of accuracy which is
unspecified but not necessarily high. As far as practical, the

varying degree of skewness of the distribution with M should not
affect the result. In addition it is expected that most of the time
M should be more than 5.

8. Examination of tables for the x’ distribution yielded the
following approximate relationships:

X, = M + e (2)
X, + X, = 2.M 4 e, (3)
M= c.(x, - x4)° (4)

Choosing different values for e;, ¢ and d according to M over or
under 5 improved the approximation. Table 1 gives details.

9. From these relationships it 1is possible to obtain values
for A, B, and M using F, and Equations 1 to 4:

Fy ~ Fy = B(x; - x4)

B(M/C)

F, + Fg = 2.F; = B.(x, + x5 - 2.x;)

B.(e, ~ 2.ey4)




**;<_1-linq.‘

iughany

TPy

re

F, + F, - 2.F

Whence B = (s)
e, - 2.e
F, - F
Thus M o= c.[;]‘ (6)
B
and A =F; - B.(M + e) (7)

In the event that B is negative, the X’ distribution can be assumed
to be skewed in the reverse direction. To deal with this, F, and F,
may be interchanged in the calculations for A, B and M. The change
only affects equation 6 where it cancels the negative sign of B,
allowing M to have a real positive solution. 1In application, using
equation 1, the value of B remains negative, so the scaled variates
are subtracted from A, thus in effect reversing the distribu_ion.

ACCURACY CONSIDERATIONS

10. Equations 2 to 4 are approximate relationships, and have
an error caused by assuming e,, ¢ and d to be constants. These
errors can be calculated for selected values of M using the
constants values (Table 1) and the x* deciles x; of Table 2.
Figure 2 shows the values chosen for e, and e, (solid lines) and the
values they would take if they were not constants (dashed lines).
The error is the difference between them, and expressed as a
percentage of M the figure shows that for M over 5 they are less
than about 2 per cent and mostly 1less than 0.2 per cent. For M
under 5, the error can be as high as 7% per cent for e, and almost
11 per cent for e, at M = 1, although such low values of M are
expected to occur rarely. '

11, Figure 3 shows the elements M of Equation 4 plotted on log
by log paper. This paper was chosen to enable constants c¢c and d to
relate to the intercept and gradient respectively of a straight
line. For given values of M, the actual values of x, - x, are
plotted'(x points) and the estimate of these values calculated using
the inverse of Equation 4. The scale of this graph is such that it
is harder to see the magnitude of the errors than for Figure 2, but
it shows that for M greater than 5 the error as a proportion of M is
less than 5 per cent and mostly less than 1 per cent. For M under 5
it reaches about 7% per cent at M = 2 and 10 per cent at M = 1.
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12. The effect of these errors is as follows:

a. In assessing B (Equation 5), the error is that of
e, - 2.e;, which as a proportion of M is 4 per cent at
M = 1 and less than 1 per cent for ¥ not less than 2.

b. 1In assessing M (Equation 6), the error is that of B to
the power d, combined with those observed in Figure 2.
Near M = 1 this could produce an error of 16 per cent
of M but for most other cases it should be no more
than 2 per cent and often will be much less.

¢. Errors in A need to be-considered in conjunction with
the whole process, since its value is selected to
force the approximation through F, (Equation 6). Thus
in the centre of the range where most results can be
expected, the approximation will be at its most
accurate.

13. There are too many variable elements for a graphical
representation of all errors. However a selected range of values of
F,, Py and F, have been used to estimate A, B and M using the above
processes. These values have then been wused to estimate the
original F, and F, values. Because the largest errors occur when M
is under 5, most emphasis has been placed on this region. Table 3
shows the results and demonstrates errors of under 5 per cent of F,
at the extreme deciles. The columns headed F, and F; should be
compared for this result. Columns x;, and x, giving the x? deciles
were interpolated or extrapolated from table 2 for the values of K
calculated. Equation 1 was used to calculate the estimates for F,
and F, .

SUMMARY

\ {‘ (-/.I_.
14. a quick and effective method for determining from three
frequency deciles the mean of a @g distribution and an associated
linear transform has been presented. The original purpose of the
calculations was to allow creation of suitably distributed OTHR
frequencies to be obtained, but the general principles used are
applicable in other areas either in whole or in part. Errors have
been estimated and have been shown to be greatest for small values
of the mean, e.g. possibly as high as 20 per cent of the mean,
although in practice errors of less than 10 per cent for the central
80 per cent of the distribution can be expected. For most common
values encountered in OTHR modellxng, errors of less than 2 per cent
of the mean can be expected. (,L COR—
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Table 2. x! DECILES

Table 1. VALUES OF FITTING CONSTANTS

CONSTANT VALUE
M<5 M>5
e, -0.63 -0.66
e, 0.83 0.85
c 0.21 0.106
4 1.55 -.893

1, 5 AND 9, AND COMBINATIONS

M x, Xg X, Xy 4%y 1%, % %, +x,-2x,
1| 0.016]| 0.455| 2.706( 2.722( 2.690 1.812
2( 0.211| 1.386( 4.605}) 4.816) 4.394 2.044
3| 0.584} 2.366| 6.251| 6.835| 5.667| 2.103
4] 1.064| 3.357| 7.779| 8.843| 6.715 2.129
S| 1.610{ 4.351| 9.236|10.846(| 7.626 2.144
6| 2.204] 5.348|10.645(12.849; 8.441 2.153
7] 2.833) 6.346)12.017114.8501 9.284 2.158
8| 3.490| 7.344)13.362|16.852| 9.872 2.164
9] 4.168) 8.343]|14.648|18.852]/10.516 2.166

10| 4.865{ 9.342715.987120.852]11.122 2.168

12| 6.304(11.340{18.549|24.853[12.245] 2.172

15| 8.547114.339|22.307({30.854[13.760 2.176

20012.443(19.337(28.412140.855[15.969| 2.181

23(16.475]044.337734.5682;:50.855,17.927 2.181

30120.599)29.336)40.256(60.855 19.657' 2.183




Table 3. RESULTS AND ERRORS FOR SELECTED FREQUENCIES

CALCULATED
SELECTED CALCULATED x! DECILES |FPEQUENCY
FREQUENCIES PARAMETERS FOR M DECILES
F, |Fy [Py B M A ¥, Xy F, F,
1t 2 {10 3.35 0.97 0.861; 0.015; 2.62f{ 0.91; 9.6
1] 3 |10 2.39 1.64 0.586| 0.1i1 4.00| 0.85(|10.1
11 4 |10 1.44 3.61 -0.291| 0.848| 7.22} 0.93{10.1
11 5 (10 0.461(29.4 -8.25. 120.1 39.5 1.02(10.0
31 6 |30 10.0 0.97 2.60 0.015} 2.62| 2.75(|29.0
3] 9 }30 7.18 1.64 1.75 0.11 4.00] 2.54}30.5
3112 |30 4.31 3.61 -0.844| 0.848| 7.22| 2.81(30.3
3115 30 1.38 }129.4 -24.7 20.1 39.5 3.04)29.8
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Figure 1 OTHR Maximum Usable Frequencies
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